Lp intersection bodies  by Yuan, Jun & Cheung, Wing-Sum
J. Math. Anal. Appl. 338 (2008) 1431–1439
www.elsevier.com/locate/jmaa
Lp intersection bodies
Yuan Jun a,∗,1, Cheung Wing-Sum b,2
a School of Mathematics and Computer Science, Nanjing Normal University, 210097 Nanjing, PR China
b Department of Mathematics, University of Hong Kong, Pokfulam road, Hong Kong
Received 21 April 2007
Available online 20 June 2007
Submitted by Richard M. Aron
Abstract
In this paper, we generalize the dual Brunn–Minkowski inequality and monotonicity of intersection bodies to Lp intersection
bodies.
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1. Introduction
Let L ⊂ Rn be a star body, that is, a compact set which is star-shaped with respect to the origin and has a continuous
radial function, ρ(L,u) = ρL(u) = max{λ 0: λu ∈ L}, u ∈ Sn−1. The intersection body, IL, of L is the star body
whose radial function in the direction u ∈ Sn−1 is equal to the (n− 1)-dimensional volume of the section of L by u⊥,
the hyperplane orthogonal to u. So, for u ∈ Sn−1,
ρ(IL,u) = vol(L ∩ u⊥), (1.1)
where vol denotes (n − 1)-dimensional volume.
The notion of an intersection body has been shown to be fundamentally connected to the Busemann–Petty problem
(first posed in [2]), which asks if two centrally-symmetric convex bodies K and L in Rn satisfying
vol
(
K ∩ u⊥) vol(L ∩ u⊥) (1.2)
for all u ∈ Sn−1. Does it follow that
V (K) V (L)?
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[1–3,6–8,12,16,21,25] (see [25] for historical details). In [17], Lutwak proved that the Busemann–Petty problem has
a positive answer if K is an intersection body in Rn:
Theorem A. Let K be an intersection body and L be a star body in Rn. If
vol
(
K ∩ u⊥) vol(L ∩ u⊥)
for all u ∈ Sn−1, then
V (K) V (L),
with equality if and only if K = L.
The Funk section theorem [5,9] shows that the operator I is injective when restricted to centered star bodies, that
is, if K and L are centered star bodies, then
IK = IL ⇒ K = L.
In [20], Lv and Leng established an extension of the Funk section theorem as follows:
Theorem B. Let K be a centered star body and L be a star body in Rn. If
IK = IL,
then
V (K) V (L),
with equality if and only if K = L.
Note that the Funk section theorem is an immediate consequence: If K and L are both centered, and
IK = IL,
then Theorem B gives both V (K) V (L) and V (L) V (K). But the equality conditions of Theorem B now show
that K = L.
Let K,L be star bodies in Rn and K +˜ L the radial addition of K and L. In [24], Zhao and Leng established the
following dual Brunn–Minkowski inequality for intersection body:
Theorem C. Let K,L be star bodies in Rn. Then
V
(
I (K +˜ L)) 1n(n−1)  V (IK) 1n(n−1) + V (IL) 1n(n−1) ,
with equality if and only if K is a dilatate of L.
Suppose that C is a compact set in Rn with V (C) > 0. In [10], Gardner and Giannopoulos defined the polar pth
centroid body Γ ∗p C of C
ρ
(
Γ ∗p C,u
)−p = 1
V (C)
∫
C
∣∣〈u,x〉∣∣p dx (1.3)
for u ∈ Sn−1 and nonzero p > −1.
Here we rewrite it using different sign and without the coefficient:
Definition. Let L be a star body and nonzero p < 1. The Lp intersection body of L, IpL, is the symmetric star body,
whose radial function is defined by
ρ(IpL,u)
p =
∫
L
∣∣〈u,x〉∣∣−p dx. (1.4)
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vol
(
L ∩ u⊥) = lim
ε→0+
ε
2
∫
L
∣∣〈u,x〉∣∣−1+ε dx
(cf. [15, p. 9]),
ρ(IL,u) = lim
p→1−
1 − p
2
ρ(IpL,u)
p, (1.5)
that is, the intersection body of L is obtained as a limit of Lp intersection bodies of L.
Recently, Haberl and Ludwig [14] also defined the Lp intersection body for convex polytopes in Rn that contain
the origin in their interior and established a characterization of it.
Up to multiplication with a suitable power of the volume of L, the Lp intersection body of L is just the polar Lq
centroid body of L where q = −p. For q > 1, Lq centroid bodies were introduced by Lutwak and Zhang [18]. They
led to important affine isoperimetric inequalities (see [4,13,18,19,23]). Yaskin and Yaskina [22] introduced polar Lq
centroid body for −1 < q < 1 and solved the corresponding Busemann–Petty problem.
In this paper, we generalize above three theorems from intersection bodies to Lp intersection bodies. Our main
results can be stated as follows:
Theorem 1. Let K be a Lp intersection body and L be a star body in Rn. If
IpK ⊆ IpL,
then
V (K) V (L) for 0 < p < 1,
and
V (K) V (L) for p < 0.
In both cases with equality if and only if K = L.
Theorem 2. Let K be a centered star body and L be a star body in Rn. If
IpK = IpL,
then
V (K) V (L) for 0 < p < 1,
and
V (K) V (L) for p < 0.
In both cases with equality if and only if K = L.
Theorem 3. Let K,L be star bodies in Rn and 0 < p < 1. Then
V
(
Ip(K +˜ L)
) p
n(n−p)  V (IpK)
p
n(n−p) + V (IpL)
p
n(n−p) . (1.6)
If p < 0, then the inequality (1.6) is reversed. In both cases with equality if and only if K is a dilatate of L.
Remark 1. By (1.5), let p → 1− in Theorems 1–3, then we get Theorems A–C.
1434 J. Yuan, W.-S. Cheung / J. Math. Anal. Appl. 338 (2008) 1431–14392. Notation and preliminaries
As usual, Sn−1 denotes the unit sphere, Bn the unit ball in Euclidean n-space Rn. The set of real-valued, continuous
functions on Sn−1 will be denoted by C(Sn−1). The subset of C(Sn−1) that contains the even functions will be denoted
by Ce(Sn−1). The subset of Ce(Sn−1) that contains the nonnegative functions shall be denoted by C+e (Sn−1).
If f,g ∈ C(Sn−1), then we define 〈f,g〉 by
〈f,g〉 = 1
n
∫
Sn−1
f (u)g(u)du. (2.1)
We shall use | · |2 to denote the norm on C(Sn−1) induced by this inner product; i.e., for f ∈ C(Sn−1), |f |2 = √〈f,f 〉.
For a given function f ∈ C(Sn−1) and p > −1, we shall use Cpf to denote the p-cosine transform [13] of f
on Sn−1, defined by
(Cpf )(u) =
∫
Sn−1
∣∣〈u,v〉∣∣pf (v) dv (2.2)
for u ∈ Sn−1, where dv is the surface area element of Sn−1.
It is well known that the linear transformation
Cp : C
(
Sn−1
) → C(Sn−1),
is self-adjoint, i.e., if f,g ∈ C(Sn−1), then
〈Cpf,g〉 = 〈f,Cpg〉. (2.3)
From the definition of Lp intersection body and p-cosine transform we have ρpIpK equals the −p-cosine transform
of ρn−pK , that is,
ρ
p
IpK
= C−pρn−pK . (2.4)
We shall use Ip to denote the set of Lp intersection bodies of star bodies.
Let Sn denote the set of star bodies in Rn. The subset of Sn that contains the centered star bodies shall be denoted
by Snc . Two star bodies K,L ∈ Sn are said to be dilatate (of each other) if ρ(K,u)/ρ(L,u) is independent of u ∈ Sn−1.
Let Lj ∈ Sn (1 j  n). The dual mixed volume V˜ (L1, . . . ,Ln) is defined by
V˜ (L1, . . . ,Ln) = 1
n
∫
Sn−1
ρL1(u) . . . ρLn(u) du. (2.5)
Denote V˜ (K, . . . ,K,L, . . . ,L) by V˜p(K,L), where K appears n−p times and L appears p times. A slight extension
of the notation V˜p(K,L) is [13]
V˜p(K,L) = 1
n
∫
Sn−1
ρK(u)
n−pρL(u)p du, p ∈ Rn. (2.6)
It is obvious that for K ∈ Sn,
V˜p(K,K) = V (K). (2.7)
The dual Minkowski inequalities state [13]
V˜p(K,L)
n  V (K)n−pV (L)p, p > 0, (2.8)
V˜p(K,L)
n  V (K)n−pV (L)p, p < 0. (2.9)
In both cases with equality if and only if K is a dilatate of L.
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= 0, the p-radial addition λ · K +˜p μ · L is a star body whose radial function is
given by
ρ(λ · K +˜p μ · L,u)p = λρ(K,u)p + μρ(L,u)p. (2.10)
We shall need the following p-dual Brunn–Minkowski inequality [11]: If K,L ∈ Sn and 0 < p  n, then
V (λ · K +˜p μ · L)p/n  λV (K)p/n + μV (L)p/n. (2.11)
The reverse inequality holds when p > n or when p < 0. Equality holds when p = n if and only if K is a dilatate
of L.
For K ∈ Sn, we define ∇˜pK by
∇˜pK = 12 · K +˜n−p
1
2
· (−K). (2.12)
An immediate consequence of the p-dual Brunn–Minkowski inequality is that
V (∇˜pK) V (K), for 0 < p < n (2.13)
with equality if and only if K is centered.
From the definition of p-radial addition (2.10) and the integral representation of dual mixed volumes (2.6), we
have if K,L,M ∈ Sn, and λ,μ 0, then
V˜p(λ · K +˜n−p μ · L,M) = λV˜p(K,M) + μV˜p(L,M). (2.14)
From (2.12) and (2.14), it follows that for K ∈ Sn and C ∈ Snc ,
V˜p(∇˜pK,C) = V˜p(K,C). (2.15)
3. Inequalities for Lp intersection bodies
We consider the following Lp Busemann–Petty problem: Consider two origin symmetric star bodies K and L
in Rn. Fix p < 1 and suppose that
IpK ⊆ IpL. (3.1)
Does it follow that
V (K) V (L) for 0 < p < 1,
and
V (K) V (L) for p < 0?
By (1.5), when p → 1−, condition (3.1) is equivalent to (1.2), so the answer is affirmative if n  4 and negative
if n 5. In this section, we first prove that the Lp Busemann–Petty problem has an affirmative answer if K is a Lp
intersection body.
Theorem 3.1. Let K ∈ Ip , L ∈ Sn and p < 1. If
IpK ⊆ IpL, (3.2)
then
V (K) V (L) for 0 < p < 1,
and
V (K) V (L) for p < 0.
In both cases with equality if and only if K = L.
1436 J. Yuan, W.-S. Cheung / J. Math. Anal. Appl. 338 (2008) 1431–1439To prove Theorem 3.1, we first introduce the following lemma:
Lemma 3.2. Let K,L ∈ Sn and p < 1. Then
V˜p(K, IpL) = V˜p(L, IpK). (3.3)
Proof. From the integral representation (2.6), definition (1.4), Fubini’s theorem, it follows that
V˜p(K, IpL) = 1
n
∫
Sn−1
ρK(u)
n−pρIpL(u)p du
= 1
n
∫
Sn−1
ρK(u)
n−p
∫
L
∣∣〈u,x〉∣∣−p dx du
= 1
n(n − p)
∫
Sn−1
ρK(u)
n−p
∫
Sn−1
ρL(v)
n−p∣∣〈u,v〉∣∣−p dudv
= 1
n(n − p)
∫
Sn−1
∫
Sn−1
ρK(u)
n−p∣∣〈u,v〉∣∣−p dv ρL(v)n−p du
= V˜p(L, IpK). 
Proof of Theorem 3.1. Since K ∈ Ip , there exists a star body M , such that K = IpM . From (2.6), (3.2) and notice
that 0 < p < 1, it follows that
V˜p(M, IpK) V˜p(M, IpL). (3.4)
If we use Lemma 3.2, we can rewrite the last inequality as
V˜p(K, IpM) V˜p(L, IpM),
and since K = IpM , we can use (2.7) to conclude that
V (K) V˜p(L,K).
By the dual Minkowski inequality (2.8), we obtain
V (K) V (L),
with equality if and only if K is a dilatate of L. Obviously, if V (K) = V (L), we must have K = L.
In the same way, we can get the reverse inequality for p < 0. 
A nature question to ask about Theorem 3.1 is whether the class Ip can be replaced by a larger subset of Sn. The
following result shows that any such larger subset would have to be a subset of Snc .
Theorem 3.3. If K ∈ Sn is a star body which is not centered and 0 < p < 1, then there exists a centered star body L,
such that
IpK ⊂ IpL,
but
V (K) > V (L).
Proof. By using the polar coordinate formula for volume, it is trivial to verify from (1.5) and (2.10), that for
K,L ∈ Sn, and λ,μ 0, one has
Ip(λ · K +˜n−p μ · L) = λIpK +˜p μIpL. (3.5)
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Ip(∇˜pK) = IpK. (3.6)
Since K is not centered and 0 < p < 1, we know from (2.13) that
V (∇˜pK) < V (K).
Now put
L = ε∇˜pK,
where 2εn = 1 + V (K)/V (∇˜pK). Since ε > 1, we have
IpL = ε
n−p
p Ip(∇˜pK) = ε
n−p
p IpK ⊃ IpK,
and
V (L) = εnV (∇˜pK) < V (K).
This completes the proof. 
The following theorem shows that the operator Ip is injective when restricted to centered star bodies.
Theorem 3.4. Let K ∈ Snc , L ∈ Sn and p < 1. If
IpK = IpL,
then
V (K) V (L) for 0 < p < 1,
and
V (K) V (L) for p < 0.
In both cases with equality if and only if K = L.
To prove Theorem 3.4, we first introduce the following lemma which characterizes the equality of Lp intersection
bodies in terms of dual mixed volumes.
Lemma 3.5. If K,L ∈ Sn and p < 1, then
IpK = IpL (3.7a)
if and only if
V˜p(K,M) = V˜p(L,M) (3.7b)
for all M ∈ Snc .
Proof. From (2.15) and (3.6), we see that we may assume that K,L ∈ Snc .
Suppose that for all M ∈ Snc , (3.7b) holds. Let f ∈ C+e (Sn−1), and define M ∈ Snc by
ρ
p
M = C−pf.
From (2.1) and (2.6), we have
V˜p(K,M) =
〈
ρ
n−p
K ,ρ
p
M
〉 = 〈ρn−pK ,C−pf 〉,
and
V˜p(L,M) =
〈
ρ
n−p
,ρ
p 〉 = 〈ρn−p,C−pf 〉.L M L
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ρ
p
IpK
,f
〉 = 〈ρpIpL,f 〉.
Thus, for all f ∈ C+e (Sn−1)〈
ρ
p
IpK
− ρpIpL,f
〉 = 0.
But this must hold for all f ∈ Ce(Sn−1), since we can write an arbitrary function in Ce(Sn−1) as the difference of two
functions in C+e (Sn−1). If we take ρ
p
IpK
− ρpIpL for f , we get |ρ
p
IpK
− ρpIpL|2 = 0, and hence IpK = IpL.
Now suppose (3.7a) holds and M ∈ Snc . Suppose M is such that ρM ∈ C−p(Ce(Sn−1)) and hence there exists
f ∈ Ce(Sn−1), such that
ρ
p
M = C−pf.
From (2.6), we have
V˜p(K,M) =
〈
ρ
n−p
K ,ρ
p
M
〉 = 〈ρn−pK ,C−pf 〉,
and
V˜p(L,M) =
〈
ρ
n−p
L ,ρ
p
M
〉 = 〈ρn−pL ,C−pf 〉.
If we use (2.3) and (2.4), we see that IpK = IpL implies that (3.7b) must hold for all M ∈ Snc such that ρM ∈
C−p(Ce(Sn−1)). Since C−p(Ce(Sn−1)) is dense in Ce(Sn−1), and dual mixed volumes are continuous, it follows that
(3.7b) must hold for all M ∈ Snc . 
Proof of Theorem 3.4. Since K ∈ Snc , let M = K in Lemma 3.5, we have
V˜p(K,K) = V˜p(L,K).
If 0 < p < 1, by (2.7) and the dual Minkowski inequalities (2.8), we have
V (K) V (L).
In the same way, we can get the reverse inequality for p < 0. 
Now we establish the dual Brunn–Minkowski inequality of the Lp intersection bodies.
Theorem 3.6. Let K,L be star bodies in Rn and 0 < p < 1. Then
V
(
Ip(K +˜ L)
) p
n(n−p)  V (IpK)
p
n(n−p) + V (IpL)
p
n(n−p) . (3.8)
If p < 0, then the inequality (3.8) is reversed. In both cases with equality if and only if K is a dilatate of L.
Proof. If 0 < p < 1, applying Minkowski’s integral inequality (n − p > 1), we have
ρIp(K+˜L)(u)
p
n−p =
[
1
n
∫
Sn−1
∣∣〈u,v〉∣∣−pρK+˜L(u)n−p dv
] 1
n−p
=
[
1
n
∫
Sn−1
∣∣〈u,v〉∣∣−p(ρK(v) + ρL(v))n−p dv
] 1
n−p
 ρIpK(u)
p
n−p + ρIpL(u)
p
n−p . (3.9)
Since (n−p)n
p
 1, applying Minkowski’s integral inequality again, we have
V
(
Ip(K +˜ L)
) p
(n−p)n =
[
1
n
∫
n−1
ρIp(K+˜L)(u)
n dS(u)
] p
(n−p)nS
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[
1
n
∫
Sn−1
(
ρIpK(u)
p
n−p + ρIpL(u)
p
n−p
) (n−p)n
p dS(u)
] p
(n−p)n

[
1
n
∫
Sn−1
ρIpK(u)
n dS(u)
] p
(n−p)n +
[
1
n
∫
Sn−1
ρIpL(u)
n dS(u)
] p
(n−p)n
= V (IpK)
p
(n−p)n + V (IpL)
p
(n−p)n .
From the equality condition of Minkowski’s integral inequality, we know that the equality holds in (3.8) if and only
if ρK and ρL are proportional, i.e., K is a dilatate of L.
If p < 0, then we have (n−p)n
p
< 0. We know that the inequality in (3.8) is reversed, with equality if and only if K
is a dilatate of L. This completes the proof. 
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